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functions, Rodrigues formula, recurrence relations, some 
characterizations and their orthogonality relation. 
Chapter V concerns with a study of another new class of 
polynomials Rn(x) suggested by Legendre polynomials Pn(x) and 
defined by means of a generating function of the form G(3x t-
Sxt^ +t'^ ) for the choice G(u)=(l-u)"'^^ The chapter contains some 
interesting results in the form of recurrence relations, generating 
functions and double hypergeometric forms of this newly defined 
polynomial. 
In the end an exhaustive and up to date list of original papers 
related to the subject matters of this dissertation have been provided in 
the form of a bibliography. 
CHAPTER I 
INTRODUCTION 
1.1 Introduction 
A special function is a real or complex valued function of one or more real or 
complex variables which is specified so completely that its numerical values could in 
principle be tabulated. Besides elementary functions such as .r", e^', log.?; and sin:/:, 
"higher functions", both transcendental (such as Bessel function) and algebraic (such 
as various polynomials) come under the category of special functions. The study 
of special fimctions grew up with the calculus and is consequently one of the oldest 
branches of analysis. It flourished in the nineteenth century as part of the theory of 
complex variables. In the second half of twentieth century it has received a new impe-
tus from a connection with Lie groups and a connection with averages of elementary 
functions. The history of special functions is closely tied to the problem of terrestritil 
and celestial mechanics that were solved in the eighteenth and nineteenth centuries, 
the bomidary value problems of electromagnetism and heat in the nineteenth, and the 
eigenvalue problems of quantum mechanics in the twentieth. 
Seventeenth century England was the birthplace of special functions. John Wallis 
at Oxford took two first steps towards the theory of the gamma function long before 
Enler reached it. Wallis had also the first encounter with eUiptic integrals while 
using Cavalieri's primitive forerunner of the calculus. [It is curious that two kinds 
of special fiuictions encountered in the seventeenth century, Wallis elliptic integral 
and Newton's elementary symmetric functions, belongs to the class of hypergeometric 
functions of several variables, which was not studied systematically not even defined 
formally until the end of nineteenth century]. A more sophisticated calculus, which 
waa made possible the real flowering of special functions, was developed by Newton 
at Cimibridge and by Leibnitz in Germany during the period 1665-1685. Taylor's 
theorem was found by Scottish mathematician Gregory in 1670, although it was not 
published until 1715 after rediscovery by Taylor. 
In 1703 James Bernoulli solved a differential equation by an infinite scries which 
would now be called the series representation of a Bessel function. Although Besscl 
functions were met by Enler and others in various mechanics problems, no systematic 
study of the functions was made until 1824, and the principal achievements in the 
eighteenth century were the gamma function and the theory of elliptic integrals. Enler 
found most of the major properties of the gamma function around 1730. In 1772 
E\iler evaluated the Beta-fimction integral in terms of the gamma function. Only 
the duplication and multiplication theorems remained to be discovered by Legendro 
and Gauss, respectively, early in the next century. Other significant developments 
were the discovery of Vandermode's theorem in 1772 and the definition of Legendre 
polynomialy and the discovery of their addition theorem by Laplace and Legendre 
during 1782-1785. In a slightly different form the polynomials had already been by 
Lioiiville in 1772. 
The golden age of special fimctions, which was centered in the nineteenth century 
German and France, was the result of developments in both mathematics and physics: 
the theory of analytic f\mctions of a complex variables on one hand and on the other 
hand, the theories of physics (e.g. heat and electromagnetism) which required solution 
of partial differential equations containing the Laplacian operator. The discovery 
of elliptic functions (the inverse of elliptic integrals) and their property of double 
periodicity was published by Abel in 1827. EUiptic functions grew up in symbiosis 
with the general theory of analytic functions and flourished throughout the nineteenth 
century, specially in the hands of Jacobi and Weierstrass. 
Another major development was the theory of hypergeometric series which began 
in a systematic way (although some important res\ilts had been foimd by Euler and 
Pfaff) with Gauss's memoir on the 2F1 series in 1812, a memoir which was a landmark 
also on the path towards rigor in mathematics. The 3F2 series was studied by Clausen 
(1828) and the iFi series by Kummer (1836). The functions which Bessel considered in 
his memoir of 1824 are oF\ series; Bessel started from a problem in orbital mechanics, 
but the functions have found a place in every branch of mathematical physics. Near 
the end of tlie century Appell (1880) introduced hypergeometric functions of two 
variables and Lauricella generalized them to several variables in 1893. 
The subject was considered to be part of pure mathematics in 1900, apphed 
mathematics in 1950. In physical science special functions gained added importance 
as solutions of the Schrodinger equation of quantum mechanics, but there were imjjor-
tant developments of a purely mathematical nature also. In 1907 Barnes used gamma 
fimction to develop a new theory of Gauss's hypergeometric function 2-f'i- Various 
generalizations of 2-^ 1 were introduced by Horn, Kampe de Feriet, MacRobert and 
Meijer. From another new viewpoint, that of a differential difference equation dis-
cusses much earlier for polynomials by Appell (1880), Truesdell (1948) made a partly 
successful effort at unification by fitting a number of special functions in to a single 
framework. 
In this jireliminaries chapter, some basic concept needed for the presentation of 
the subsequent chapters are given. 
1.2 The Gamma, Beta And Related Functions 
The Gamma function has several equivalent definitions, most of which are due to 
Euler, 
The Gamma function is defined as 
f I^t'-^e-'dt, Rl{z) >0 
r(2) = (1.2.1) 
I £ 1 ^ , Rl{z)<Q, z ^ 0,-1,-2, . . . . 
Pochhammer ' s Symbol And The Factorial function 
The Pochhammer's Symbol (A)„ is defined as 
[ A(A + 1)---(A+ ??.-!) , if ?7, = 1,2,3,••• 
(A)„ = (1.2.2) 
[ 1 , if ??.-0 
Since (1)„ = n!, (A)„ may be looked upon an a generalization of elementary 
factorial. In terms of gamma function, we have 
(A)„ = ^ ^ ^ ^ ^ , A ^ 0 , - l , - 2 , - - - (1.2.3) 
The binomial coefficient may now be expressed aij 
/ A \ A(A- l ) - . - (A-77 ,+ l) (-1)"(-A)„, 
" / ??.! ?7,! 
Also we have 
(1.2.4) 
(A)_„ = ,f ^1" , n = l , 2 , 3 , - - . , A ^ 0 , ± l , ± 2 , (1.2.5) 
Equation (1.2,3) also yields 
(A ),„-)-„ — (A),„. (A + m)„, (1.2.6) 
which in conjunction with (1.2.5), gives 
Wn-k = JZ ^ T-, 0<k< n. 
(1 - A-??.)fc 
For A = 1 we have 
[ fe^ , if 0 < A: < n 
i-n), = { (1.2.7) 
0 , if A: > n 
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Legendre's Duplication Formula 
In view of the definition (1.2.2) we have 
(A)2. = 2 2 " ( 0 (^ + 0 , n = 0,l,2,-.- (1.2.8) 
wliicli follows also from Legendre's duplication formula for the Gamma fimction viz 
^V{2z) = 2''^-'V{z)T{z + ^ ) , ^ ^ 0, - ^ , - 1 , - ^ • • • (1.2.9) 
Gauss 's Multiplication Theorem 
For every positive integer m we have 
(A)„,„ = ( m r " n ( ^ ' ^ - ^ " ^ ] , n = 0,1,2, .•• , (1.2.10) 
which reduces to (1.2.8) when m = 2. Starting from (1.2.10) with A = viz, it can he 
jDroved that 
V^rnz) = ( 2 7 r ) ^ m ' — ^ f l r ( ^ + ^ ^ ) , ^ ^ 0, - i , - - , • • • , 
m = l , 2 , 3 , - - - , (1.2.11) 
which is known in the literature as Gauss's multiplication theorem for the Gannna 
function. 
The Beta Function 
The Beta function B{a, (3) is a function of two complex variables a and /?, defined 
by 
f Jo^  ^"-1(1 - tf-^dt, Rl{a) > 0, Rl{0) > 0 
[ T S § ^ ' RKa)<0, /?/(/?) < 0 , a,/? ^ - 1 , - 2 , . . . , 
(1.2.12) 
The Gamma function and the Beta fimction are related by the following relation 
Bip,Q) = ^ r ? ^ ' p , q ^ 0,-1,-2,. •• (1.2.13) 
The Error Function 
The error fimction erf(2) is defined for any complex z as 
erf(2) = -^ r e.xp{-t:^) dt (1.2.14) 
y/TT Jo 
and its complement by 
exic{z) = l - e r f ( 2 ) = - 7 = / exp{-f^) dt. (1.2.15) 
1.3 Bessel Function 
Bessel's equation of order n is 
. ^ : ^^ + . r ^ + (.r^  + n2)y = 0, (1.3.1) 
ax'^ ax 
where n is non-negative integer. The series solution of the equation (1.3.1) is 
^0 ^' r(?7,+ r + 1) 
7 
the series (1.3.2) converges for all x. 
We call Jn{^-) as Bessel function of first kind. The generating function for the 
Bessel function is given by 
exp 2 V t = E ^"M^y (1.3.3) 
Bessel function is connected with hypergeometric function by the relation 
Mx) 
r ( i + 77,) ,F, 1 + 77, 
X 
T (1.3.4) 
1.4 The Orthogonal Polynomials 
Orthogonal polynomials constitute an important class of special functions in gen-
eral and of hypergeometric functions in particular. 
Some of the orthogonal polynomials and their connections with hypergeometric 
fimction >ised in this dissertation are given below: 
Jacobi Polynomial 
The Jacobi Polynomials P,\"'^Kx) are defined by generating relation 
^ Pi"'^ )(.T)r'-
= oF\ 
n=0 1+; ;5'('-i' 
X o f i 1+^ l^^^» Re{a) > - 1 , Re(/?) > - 1 (1.4.1) 
The Jacobi Polynomials have a numl^er of finite series representation [36 p.255] 
one of them is given below: 
pia,,)(. ^ " {1 + aUl + a + PU, A T - 1 \ ^ . ^ 2 1 
" ^"' to^Hn-k)l{l + a)k{l + a + P)n\ 2 J' ^••' 
For p — a the Jacobi Polynomial P,f'"(•'?') is known as nltra spherical polynomial 
which is connected with the Gegenbauer polynomial C^'^^(.T) by the relation [3; p. 191] 
(1 + 2a)„ 
For a = P = 0, equation (1.4.2) reduces to Legendre Polynomial Pni^)-
Hermite Polynomial 
Hermite Polynomials are defined by means of generating relation 
oo J.2 
exp{2.rt~t'') = ^ ; / „ ( , ; ) - , (1.4.4) 
71=0 "•• 
valid for all finite x and t and we can easily obtained 
Legendre Polynomial 
Legendre polynomial, denoted by Pn{x) is defined by the generating relation 
oo 
n,=0 
for If I < 1 and I.TI < 1 
The Logendre polynomial Pn{^') of order n can also be defined by the equation 
where 
n 
[2 
if n is even 
^^ zf II. is odd 
Assoc i a t ed L a g u e r r e P o l y n o m i a l 
The associated Laguerre Polynomial L^^^x) are defined by means of generating 
xt (1.4.8) 
reflation. 
o o 
n = 0 ^ ••• '-' 
For O' — 0, the above equation (1.4.5) yield the generating function for simple Laguerre 
Polynomial L„( .T) . A series representation of L^"'(•''") f°r i^on negative integers ;;. is 
given by 
(1.4.9) Llr\-) = t -^^ '^("• + "'^ '-^ '^ 
foi- a = 0, ecpiation (1.4.9) gives the definition of Lagiierre polynomial. 
H y p e r g e o n i e r t i c representation 
J a c o b i P o l y n o m i a l 
p.<-'w = r;^"UF, 
-7?,, Q. + p + n+l ; 
Q: + 1 
1 - 2 
;i.4.io) 
10 
Legendre Polynomial 
P„{z) = Pf°)(z) = 2F1 
Hermite Polynomial 
-n, n + 1 
Hn{z) = i2zr2F, 
Laguerre Polynomial 
n l_ n 
2 ' 2 2 
1 - 2 
'1.4.11] 
(1.4.12) 
Ll"'( ;i + a)n 
n\ 
i F i 
•n 
1 + 0' 
(1.4.13) 
1.5 Integral Transforms 
Let f{t) he a real or complex valued function of real variable t, defined on interval 
0 < t < b, which belongs to a certain specified class of functions and let ^(7;, t) ho a 
definite function of 7; and /, where p is a complex quantity, whose domain is prescribed. 
then the integral equation 
<P[fif);p] = f'F{p,t)f{t)dt. (1.5.1) 
represents an integral transform (t)[f{t)',p] of the function f{t) with respect to tlic 
function F{]),t). Where the class of functions to which f{t) belongs and the domain 
11 
of p are so proscribed that, the integral on the right exists. F{p, t) is called the kernel 
of the transform (/>[/(^),p]-
If we can define an integral equation 
/(/) = jy{mi{f)Mdv (1-5.2) 
then the equation (1.5.2) defines the inverse transform for the equation (1.5.1). By 
given different values to the function F{p,t), different integral transforms are defined 
by various authors like Fourier, Laplace, Hankel and Mellin as given below 
Fourier Tiansform 
We call 
nii^-y^ (] = (27r)-^/^ / f{xy'^ dx (1.5.3) 
•I — oo 
the Fourier transform of f{x) and regard x as complex variable. 
Laplace Tiansform 
We call 
/•oo 
mify^p] = / f{t)e-"'dt (1.5.4) 
•10 
the Laplace transform of f{t) and regard p as complex variable. 
Hankel Transform 
12 
We call 
/•OO 
nAfit); C] = /^  fit) tJ^m dt (1.5.5) 
the Hankel transform of f{t) and regard E, as complex variable. 
Mellin Transform 
We call 
/•OO 
M[f{x)- s] = 1^ f{x)x'-'dx (1.5.6) 
tlu^ Mellin transform of f{x) and regard 5 as complex variable. 
The most complete set of integral transforms are given in Erdelyi et al. [14.15] 
Ditkin and Pnidnikov [13] and Prndnikov et al. [32,33]. 
1.6 Gaussian Hypergeometric Function And Its Generalization 
The second order linear differential eqnation 
, d'^w , , , , , dw , „ , r .-. 
2(1 - 2 ) — + [c - (fl + 6 + 1)2] — - nhw = 0 (1.6.1) 
has a solution 
0 0 
where a, 6, c are real or complex parameters independent of 2 for c neither zero nor a 
negative integer and is denoted by 2^1(0,, b; c; 2) i.e. 
r,, , ^ V^ («.)n(/^)n z" , ^ _ , 
2F,{a,b- c; 2) = J2——— (1.6.2) 
n = 0 \^'" "•• 
13 
which is known as hypergeometric function. The special case a = c, 6 = 1 or 6 = c, 
^ 2" 
a = 1 yields the elementary geometric series 2^ —, hence the term hypergeometric. 
n=o "'• 
If either of the parameter a or b is negative integer, then in this case, equation 
(1.6.2.) reduces to hypergeometric polynomials. 
Generalized Hypergeometric Function 
The hypergeometric fimction defined in equation (1.6.2) can be generalized in an 
obvious way. 
p-t q 
Q - i , Q ' 2 . - • • , 0 ! j , ; 
z 
Pi,02,•••J, ; 
y^ (ai)n---(ap)„ 2" 
= j,Fq{ai,---ap; Pu-'-pg] z), (1.6.3) 
where p, q are positive integer or zero. The numerator parameter a i , • • • a,, and the 
denominator parameter Pi,-' • Pq take on complex values, provided that 
Pj 7^  0 , - 1 , - 2 , - - - , j = l ,2,--- ,g 
Convergence of pF, p-"- 9 
The series pF,i 
(i) converges for all | 2 |< oo if p < q 
(ii) converges for | 2 |< 1 if p = q- + 1 and 
(iii) diverges for all 2, 2 7^  0 if p > 7 + 1 
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Further more if we set 
^ j I ' 
then the pFg series with p = q + I is 
(i) Absohitely convergent for | 2; |= 1 if Re(a') > 0 
(ii) Conditionally convergent for | 2 |= 1, 2 7^  1 if — 1 < Re(a;) < 0 
(iii) Divergent for | 2 |= 1 if Re(a;) < —1. 
An important special case when p = q = 1, the equation (1.6.3) reduces to the 
confluent hypergeometric series iFi named as Kummers series [27], (see also Slater 
[40]) and is given by 
°° (a) z" 
When p = 2, q = I, equation (1.6.3) reduces to ordinary hypergeometric function 2-^ "! 
of second order given by (1.6.2). 
1.7 Hypergeometric Function Of Two And Several Variables 
Appell Function 
In 1880, Appell [4] introduced four hypergeometric series which are generalization 
of Gauss hypergeometric function 2-^ 1 and are given below: 
15 
( m a x { | . ' r | , | y | } < l ) 
(I -^  I + I y I) < 1 
Fs[a,a,b,b; c; x,y] = ^ — — — 
n,m=0 \C)m.+n rn.\ 77,! 
(1.7.3) 
( m a x { | . T | , | t / | } < l ) 
F4[a;b; c,c- x,y] = } ^ r—: (1.7.4 
„,tlo (c)m(C)n mini 
1.8 The Kampe De Feriet Function 
The four Appell series are unified and generalized by Kampe De Feriet (1921) 
wiio defined a general double hypergeometric series, see [Appell and Kampe De Feriet 
[5 p.l50(29)]. 
Kampe De Feriet's function, denoted by Fj^'^^ is defined as follows 
(op) • (bq);(ck) ; 
^ i.m.;n (a / ) : (/?m); (7n) ;-''''^ 
oo n^ i^jUs .ft, ibj\ n (Cj), 
= Z ^ — — ^ (1-8.1) 
'••-° n iaji^, n iPA n (7.). 
Where for convergence 
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{[) p + q < I. + m, + 1, p + k < I + n + I, Ixl < oo, |y| < oo 
(ii) Also when p + q = I, + m, + l, p + k = I + n+l and 
|.T|V(p-0 + | y | i / ( p - 0 < i , if p > / 
max (la;I, |y| < 1 if p< 1} 
1.9 Hermite Polynomials Of Two Variables Suggested By La-
guerre Polynomials Of Two Variables 
In 1991 S.F. Ragab [34] defined Laguerre polynomials of two variables L!^'^^{x,y) 
as follows: 
(,,^) r (n + g + l ) r (n + ^ + 1) A {-yYll^Ux) 
(1.9.1) 
where Ll^^{x) is the well-known Laguerre polynomial of one variable. 
The definition (2.1.1) is equivalent to the following explicit representation of 
L\^'^\x,y), given by Ragab: 
T{a,0)l^. ..\ _ (Q + l)n A Y^ ( - n ) r + . ., „ 2) 
K (.,!/)- ,„,), I.I.,^^^)^(^^l)_^^,^, (1.9.2) 
Later, the same year S.K. Chatterjea [11] obtained generating functions and many 
other interesting results for Ragab's polynomial. 
In 1997 M.A. Khan and A.K. Shukla [24] extended Laguerre polynomials of two 
variables to Laguerre polynomials of three variables and later to Laguerre polynomials 
of m-variables [25] and obtained many useful results. 
17 
Chapter II of present dissertation is an outcome of the study of a two variable 
analogue / /„( .T, j/) of Hermite polynomials Hn{x), suggested by Laguerre polynomials 
of two variables L^'^{x,y) due to S.F. Ragab's [34], has been introduced by M.A. 
Khan and G.S. Abukhammash [19] by means of the following relations 
^^  '^ ^ k r!(n-2r)! ^^'^-^^ 
where H„,{x) is the well-known Hermite polynomial of one variable. 
The definition (2.2.1) is equivalent to the following explicit representation of 
Hn{x,yy. 
r=0 s=0 •^'^ • 
It may be noted that for y = 0, Hermite polynomials of two variables Hn{x,y) 
reduces to Hermite polynomials Hn{x) of one variable. Thiis 
Hn{x,0) = Hnix) (1.9.5) 
In terms of double hypergeometric function, Hermite polynomials of two variables 
can be written as 
ffn(x,y) = I^S 2 • ; X' x^ (1.9.6) 
Certain generating functions, recurrence relations, partial differential equation, 
Rodrig\ies formula, relationships with Hermite and Legendre polynomials of one vari-
able, some special properties and expansion of Legendre polynomials in terms of 
Hermite polynomials of two variables have been obtained. 
18 
1.10 New Class Of Polynomial Set Suggested By Hermite Poly-
nomials 
Hermite polynomials Hn{x) and Legendre polynomials Pn{x) are respectively de-
fined by means of the relation 
^2xt-t^ oo H„{x)f' 
= E ^ ^ ^ (1.10.1) 
n=0 "•• 
and 
y ? ^ ^ = {\-2xt-^e)-h (1.10.2) 
A careful inspection of the L.H.S. of (1.10.1) and (1.10.2) reveals the fact that 
L.H.S. of (1.10.1) is e" and that of (1.10.2) is (1 - u)-\ where u = 2xt - f and this 
{2xt — t?) is a part of {x — f)"^ = T? — 2xt-\-f?. By deleting x? and putting the remainder 
—2xt -^f? = - u so that u = 2xt — f?. In an attempt to extend this idea the following 
expansion is considered 
(.T - f)^ = .r^ _ 3.1:2^  ^ 3^^2 _ 3^ (1 10.3) 
then by deleting x? term of R.H.S. of (1.10.3) and putting the remainder -Zx^t + 
2>x.i!^ — f? = —u two sets of polynomials generated by e" and (1 —'u)~3 are considered. 
In chapter III a study has been made of a new class of polynomial set Kn{x) sug-
gested by Hermite polynomials Hn{x) defined by M.A. Khan and G.S. Abukhammash 
[21] by means of a generating function of the form G{'ixH — 2>xt'^ + f!^) for the choice 
G{u) = e". 
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Thus the polynomials /C„(.7.-) are defined by means of the relation 
,3.T2t-3.rf.2+<3 _ 
= E KnMt" 
n=0 n! 
(1.10.4) 
valid for all finite x and t. 
The L.H.S. of (1.10.4) can be expanded to give 
[tj l^T^J ( i\ron-T--3s„|„2n-3r-6s 
''"^^'^ h k r\s\[n-2r-Zs)\ (1.10.5) 
Examination of (1.10.5) shows that Kni^") is a polynomial of degree precisely 2n in x 
and that 
i^ „,(.T) = 3V"+7r2„_3(.T) (1.10.6) 
The chapter contains generating fimctions, recurrence relations, Rodrigues for-
mula and some other results including relationship of this newly defined polynomial 
with classical Hermite, Legendre and Laguerre polynomials. 
1.11 Bessel Polynomials Suggested By L^^'^\x) 
The simple Bessel polynomial 
yn{x) = 2FQ - n , l + n ; - ; - - (1.11.1) 
and the generalized one 
yn{a,b,x) = 2^0 X 
-n,a- 1 + ? ? . ; - ; - -
0. 
(1.11.2) 
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were investigated by H.L. Krall and 0 . Prink [26] in 1949. 
Later on, in 1965, S.K. Chatterjea [10] generalized (1.11.2) and obtained certain 
generating functions for his generalized polynomial defined by 
2Fo[-n,c+kn--,x], (1.11.3) 
where k is a positive integer. 
In 1972, T.R. Prabhakar and S. Rekha [30,31] considered a general claas of poly-
nomials suggested by Laguerre polynomials as defined below: 
, _ r ( a n + /? + l) " (-n)..r^ , . 
^" ^^'^- n\ ,t^o'^!r(aA: + / ? + l ) ^ '^^ ^-^^ 
Later on, in 1977, the polynomials L^'^{x) were also studied by R. Panda [28]. 
It may be remarked here that in terms of the classical Laguerre polynomials 
Motivated by the above mentioned works and those of W.A. Al-Salam [2] and L. 
Carlitz [9], M.A. Khan and K. Ahmad [21] studied a special case of generalized Bessel 
polynomial (1.11.2) suggested by (1.11.3) and (1.11.4). These polynomials turn out 
to be a special case of L^'^{x) also. The present chapter is an outcome of their study. 
The polynomial yn{2 + {a-l)n+P, 2,x) is a special case of (1.11.2) and is defined 
as 
X 
yr,.i2 + {a-l)n + p,2,x)= 2F0 
-n,an + p+l;-;-^ (1.11.6) 
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where n=0,l,2,...., 
The polynomials (1.11.6) are also special case of L^''^{x). In fact, by comparing 
the definitions (1.11.4) and (1.11.6), one easily gets 
2/„,(2 + ( a - l ) n + /?,2,.'r) 
; 2 
-{a + l)n- P ; x 
so that, obviously, 
2/„,(2 + (a - l)n + P,2,x) = n\ ( ^ - | ) " L ( I . - ( " + I ) " - ^ - I ) (Tj . ( i .n.y) 
For a = k a. +ve integer and /? = c — 1, (1.11.6) reduces to Chatterjea's general-
ization (1.11.3) of Bessel polynomials. 
For a = 1,(3 = 0,-2 and x replaced by y , (1.11.6) becomes Bessel's polynomial 
(1.11.2). 
For a = 1 and 0 = a, (1.11.6) becomes the polynomial Y^°'\x) considered by 
W.A. Al-Salam [2]. 
For a = I and /? = 0, (1.11.6) becomes simple Bessel polynomial (1.11.1). 
Sometimes they will fined it convenient to consider the following polynomial: 
ei"'^\x) = .rV (2 +{a- l)n + (3,2, i ) . (1.11.8) 
For a = I and P = a (1.11.8) reduces to 
Oi'^Kx) = a^Y^-) (^^y (1.11.9) 
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a polynomial studied by J.L. Burchnall [7], W.A. Al-Salam [2] and L. Carlitz [8]. 
1.12 New Class Of Polynomial Set Suggested By Legendre 
Polynomials 
In chapter III a study was made of a new class of polynomials suggested by 
Hermite polynomials Hn{x) and defined by M.A. Khan and G.S. Abukhammash [22] 
by means of generating function of the form G{3xH — Sxt"^ +1^) for the choice G{u) = 
e". 
Chapter V concerns with a study of another new class of polynomials Rni^) 
suggested by the Legendre polynomials Pn{^) and defined by means of a generating 
function of the form G{3x'^t — 3xf^ + f^) for another choice G{u) = (1 — w)~5. 
The Rn{x) is defined by means of the generating relation: 
oo 
(1 - 3xH + ?,xe - ^3)-5 = Y, i?n(-X)^ " (1.12.1) 
7),=0 
in which (1 - 3.?;^ ^ + 3xf? — f?)~3 denotes a particular branch which —> 1 as t —> 0. 
By expanding the L.H.S, of (1.12.1) and equating the coefficients of T, one gets 
^'-'^5 5 'H ; I ( , . - 3 . -2 . ) I— ("") 
From (1.12.2) it follows that i?„(.T) is a polynomial of degree precisely 2n in x and 
that 
on. f \\ „2n 
Rn{r) = ^ ' 7 " + 7r2„_3 (1.12.3) 
7?,! ^ ' 
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in which 7r2„_3 is a polynomial of degree (2n-3) in x. Now by putting a: = 1 in (1.12.1), 
they obtained 
i?n(l) = 1 (1.12.4) 
Again putting .7;=0 in (1.12.1), they obtained 
^3n(0) = ^ , ii:3n+l(0) = 0, i?3n+2(0) = 0. (1.12.5) 
The chapter contains some interesting results in the form of recurrence relations, 
generating functions and double hypergeometric forms of this newly defined polyno-
mial. 
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CHAPTER II 
ON HERMITE POLYNOMIALS OF TWO 
VARIABLES SUGGESTED BY S. F. RAGAB'S 
LAGUERRE POLYNOMIALS OF TWO 
VARIABLES 
2.1 Introduction 
The present chapter is a study of Hermite polynomials of two variables suggested 
by S.F. Ragab's Laguerre polynomials of two variables defined and vStudied by M.A. 
Khan and G.S. Abukhammash [19]. Their generating functions, recurrence relations, 
partial differential eq\iations, Rodrigues formula, relationship with Hermite and Leg-
endre polynomials of one variables, some special properties and expansion of Legendre 
polynomials in terms of Hermite polynomials of two variables obtained by them are 
re-produced here. 
In 1991 S.F. Ragab [34] defined Laguerre polynomials of two variables L!;^'^\x,y) fus 
follows: 
(,,^). ^ r (n + a + l)T{n + 13 + 1) " (-y)'-Lit(-'r) 
" ^"'-^^ n! ^^r\T{a + n-r+l)T{/3 + r+l) 
(2.1.1) 
where L^°^(.r) is the well-known Laguerre polynomial of one variable. 
The definition (2.1.1) is equivalent to the following explicit representation of 
L|,""^)(.r,?/), given by Ragab: 
Later, the same year S.K. Chatterjea [11] obtained generating functions and many 
other interesting results for Ragab's polynomial. 
In 1997 M.A. Khan and A.K. Shukla [24] extended Laguerre polynomials of two 
variables to Laguerre polynomials of three variables and later to Laguerre polynomials 
of m-variables [25] and obtained many useful results. 
In 1998, M.A. Khan and G.S. Abukhammash [19] undertaken the study of Her-
mite polynomials of two variables and obtained many interesting results which is being 
re produced here. 
2.2 Hermite Polynomials Of Two Variables 
M.A. Khan and G.S. Abukhammash [19] defined Hermite polynomials of two 
variables Hn{^',y) as follows: 
where Hn{x) is the well-known Hermite polynomial of one variable. 
The definition (2.2.1) is equivalent to the following explicit representation of 
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It may be noted that for y = 0, Hermite polynomials of two variables Hn{^',y) 
reduces to Hermite polynomials Hn(^) of one variable. Thus 
//„(.T,0) = if„(.r) (2.2.3) 
In terms of double hypergeometric function, Hermite polynomials of two variables 
can be written as 
_ ri2:0;0 Hnix,y) = F^:^:^ 
n H _L 1 . . 
' 2 ' 2 "•" 2 • ' 4y (2.2.4) 
where for right hand side of (2.2.4), it may be recalled that the definition of a more 
general double hypergeometric function ( than the one defined by Kampe de Feriet 
) in a slightly modified notation [ see, for example, Srivastava and Panda [44, p.423. 
Eq.(26) ]: 
pp:q;k 
l:Tn.;n 
(«'p) • ( ^ ) ! (cfc) ; .^ „ 
oc n {o.j\^, ft {bj)r n (c,) 
j = l j=i - '"j=i ''' . r V 
= V 
^ — ' I III. It I ' l C 
^•^=°.nK).^3.n(^;)..n(7,)/-' m n 
(2.2.5) 
i=i i=i j = i 
where, for convergence 
(i) p + </</ + TO + 1, p + A; < / + 77, + 1, |.x| < GO, \'y\ < oo 
(M) p + g ^ Z + m + l, p4-A; = / + n + l 
|,;|V(P-0 + |y|V(P-0 < 1, 
max{\x\, |?/| < 1 i / p < /} (2.2.6) 
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Although the double hypergeometric function defined by (2.2.5) reduces to the 
Kampe de Feriet function in the special case : 
q = k and m = n, 
Yet it is usually referred to in the literature as Kampe de Feriet function. 
2.3 Generating Functions For Hn(x,y) 
Consider the sum 
"^t-or^o .=0 r\s\{n - 2r - 2s)\ 
^ ^ ^ (2.-r)"-2^(-y)'-(-l)^r+^'-
n , r = O s = 0 I .b.ll. 
~ (2.T)"(-y)"(-l)^r+^'-+^^ 
^ g2.Tt-(!/+l)f2 
They thus arrived at the following generating function Hn{x,y)\ 
f^ M!hyK ^ ^2r.t-(y+l)f^ (2.3.1) 
„ = 0 "•! 
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Next they considered the sum 
g {C)nHn{x,y)P ^ g {CU2r+2s{2xr{-yn-iyt-^''-'-'' 
n = 0 77,! n,r ,s=0 r\s\n\ 
oo 
= y - {C)2r+2s{-yn-iyt^''^'' f^ {C+_2r + 2sU2xtr 
7-,s=0 ' "*• n = 0 n\ 
^ j2 (cUr^s){-yn-mn ^^ 2x )^-^ -^ -^ -
7-,S = 0 r!s! 
00 (c) f s + l^ 
r,s=0 
r + s -4y^' 
2 ^ r 
-it' 
l.sl r!s [ ( l - 2 a ; t ) 2 j {{l-2xty 
They thus arrived at the (divergent) generating function 
- c p2;0;0 (1 - 2xf)-'^Fi^ 
C C I i 
2 ' 2 •'" 2 
42/^2 4)^2 
(1 -2 .^0^ ' ( 1 - 2 x ^ 2 
= E 
71=0 
(C)„if„(.r,y)r 
77,! 
Next they considered 
~ Hn^k{x,y)t^v'' ^ " i / n ( . r , j / ) r -V 
fc.TI—O A;!??,! 
^ y //n(-T,j/) A n!r-'=^;'= 
n=o "-' .t-o ^K". - A:)! 
= E 
n = 0 
77,! 
_ g2.r(t+u)-(!/+l)((!+v)2 
_ p2xt-(v+l)t^ 2xv-(y+l)iv^+2vt) 
(2.3.2) 
= e 
2Tt-(w+l) t2 2[ i - (w+l ) ( ]v- ( i /+ l ) t ;2 
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k 
_ 7xt.-{v+i)t^ v^ Hkjx - yt - t,y)v 
fc=o "• 
k 
By equating the coefficients of ^ they obtained 
g Hn+k{xy)r ^ ^2r.t-(y+i)t^jj^^^ - yt - t, y) (2.3.3) 
77 = 0 " ' • 
similarly, 
^t-oi^ost'o H 5 ! ( n - r - 5 ) ! 
- H„ix,yr ^ "^f ^  {-n).+.(-l)^ +^ (f)^  (fy 
_ ^Hn{x,y)P / u vy 
hk n\ V f. t) ri.=0 
oo 
^ ^ /f„(.7;,y)(t + u + i;)" 
n=0 "•! 
_ g2.T(t+w+v)-(y+l)(£+u+v)2 
_ p2.TA-(!/+l)t2_g2(a;-ti/-0«-{j/+l)"^ ^2{x-ty-t-yu-u)v-(y+\)v^ 
^ ^i,,-(y+i),^ ^2(x-t.y-i.)u-{v+iW Y Hr{x-ty-t-yu-u,yy 
r=0 ' • 
Equating the coefficients of ^ , one gets 
^ Hn+r+s{x,y)t^u'' 
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2.4 Special Properties 
Consider the identity 
g2:rt-(,/+l)t2 _ ^2(xt)-{y+l){xt)\^(y+l)xn'-(y+l)t? 
== e2(.T«)-(j/+l)(-rt)2 g(?/+l)(x2-l)t2 
or, 
_ ^ 111 Hn-.2k{i, y)x--'Hy +1)'' (^' - 1 ) ' "^ 
h h {n-2k)lk\ 
Equating the coefficient of f^, one gets 
"^^ "'^ )^ - £ A:!(n-2i^)! • ^^ -^ '^ ^ 
Next they considered the identity 
,2{xi+X2)t-{y+l)t^ _ 2.r,/,-(,/+l)<2 2x2t-(y+l)t^ Jy+i)t^ 
or, 
^ Hn{x,+X2,y)e ^ ^ HnjxuyW' ^ if.(.r2,y)r ^ (y + 1)-/^" 
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^ y^ M Hr,-2s{xx,y)Hr{x2,y){y+iyt^^-
„^o.=o {n-2s)\r\s\ 
_ ^ " ^ Hn-r-2s{xi,y)Hr{x2,y){y + lyt" 
h h h (n - r - 2s)!r!s! 
Equating the coefficients of <", they obtained 
H . c ^ . ^ . x . . ) ^ ! : ! : ' " ^ - ' ; ' ^ " ' ' ' ^ - ' , ? ; ' ' , ^ ' ^ ^ ^ ^ ' (2.4.2) 
T^QI^Q {n ~ r - 2s)\r\s\ 
Next, they considered the identity 
g2xf,-(;/i+j/2 + l)«2_g2.Te-<2 _ g2xf.-(jyi + l)C.2 g2xt-(5/2 + l)«2 
or, 
f. //nCr.j/i +2/2)r ^ Hk{T)i}^ _ ^ Hnix,yi)t- ^ Hkix,y2)t' 
to "•! fc=o ^! h n\ to ^! 
or, 
f. Hn{x,yi + y2)Hk{x)e-'' _ ^ Hn{x,y,)Hk{x,y2)t-^' 
n,fc=0 n,fe=0 
Equating the coefficients of Jl""^ * one gets, 
Hn{x,yi+y2)Hk{x) = Hn{x,y:)Hk{x,y2) (2.4.3) 
where .ftrfc(.r) is the well-known Hermite polynomial of one variable. 
Now, by considering the identity 
^2^xt.-{y+l)t? ^ g2xt-(j,+l)i2_g2(A-l)x« 
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and proceeding as above they obtained 
Similarly, by considering the identity 
g2.r/-(A;/+l)/.2 ^ ^2xt.-{v+\)t\^{\-\W.-^ 
they obtained 
i^ J .^\u ..f^> «,\n ^ \\k„,k 
Similarly, by considering the identity 
^2Xxt-{^y+l)t.^ ^ g2.T«-(y+l)t2g2(A-l),Tf-{(M-l)?/+l}«2_gt2 
they obtained 
„ , , > ^ ' ? : ' n!if„-,-;.(.x, y)J ,^ {(A - l)x, (/i - l)y] 
2.5 Recurrence Relations 
Since 
,2.T<-(j/+i)«2 _ y ^ -^71(3:, y ) ^ " ('2 5 1) 
e 
n = 0 "•! 
Differentiating (2.5.1) partially w.r.t. 'x', one gets 
00 j.n a 
2^e2xM.+i)*^ = j : i - f i / „ ( . r , y ) . (2.5.2) 
„=o "-' -^^  
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Now (2.5.2) can be written as 
n = 0 "'• n = 0 "'• '^•'' 
which with a shift of index on the left, yields •^HQ{X, y) = 0, and for n > 1 
2Hn-i{x,v) 1 d 
(n — 1)! nldx 
or, 
Hn{x,y) (2.5.3) 
—Hn{x,y) = 2nHn-iix,y) 
Iteration of (2.5.3) gives 
0.T* (?7, — s)! 
Differentiating (2.5.1) partially w.r.t. 'y', one gets 
_^2^2...-(v4.1).^  ^ g ^ | - / /n ( .T ,y ) (2.5.4) 
or, 
which with a shift of index on the left, yields 
g - i / o ( i , ! / ) = 0 , ^H,{x,y) = 0, and for n>1 
or 
(?7,-2)! v\dy 
^ ' i/„(.r, y) = - n ( n - l)i/„_2(.T, y). (2.5.5) 
5j/ 
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Iteration of (2.5.5) gives 
Differentiating (2.5.1) partially w.r.t. 't', one gets 
2(x - yt - ^)e2-'-(v+i)*^ = f ^nix,y)r-' 
^1 ("' - 1)' 
Multiplying (2.5.2), (2.5.4) and (2.5.7) by (x - t), 2y and -t respectively and adding, 
one gets 
oo j.n. a oo j.n a 00 j.n—1 
or, 
00 j.n f) 00 in. 00 n fn a 
Equating the coefficient of t^, one gets 
= 0 
or, 
x—Hn{x,y) - nHn{x,y) + 2y-^^Hn{x,y) = n—Hr..,{x,y). (2.5.8) 
Combination of (2.5.3), (2.5.5) and (2.5.8) yields 
2nxH,,_i - nHn{x,y) - 2n{n - l)yHn-2{x, y) = n—//„_I ( .T ,y) (2.5.9) 
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From (2.5.3) and (2.5.9) they obtained the pure recurrence relation 
2nxHn-i - nHn{x,y) = 2n(n - l)(y + l)Hn-2{x,y) (2.5.10) 
and the partial differential equation 
-^Hn{x,y) - 2x~Hn{x,y) - Ay—H„{x,y) + 2nHn{x,y) = 0. (2.5.11) 
2.6 Relationship Between Hn{x,y) And Hn{x) 
Since 
^ =E-4j^ (2.6.1) 
n=0 • 
where i/„(.r) is well-known Hermite polynomial of one variable. 
Replacing x by -^^^ and t by y/y + It in (2.6.1), one gets 
^2xt-
n = 0 "•! 
In view of (2.3.1), one can write (2.6.2) as 
-//,,(.T,y)r^ - i : r „ (^ ) (y + i ) t r 
Equating the coefficients of ^", one gets 
Hn{x,y) = {y + l)^Hn ( ^ ^ ) (2.6.3) 
Now 
Hn{-x,y) = {-irHnix,y) (2.6.4) 
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For y=0, (2.6.3) reduces 
H„{r.,Q) = Hn{x) (2.6.5) 
and for x=0, one gets 
Hn{0,y) = {y + iy-^Hn{0) (2.6.6) 
But 
i/2n(0) = (-1)"22" Q^ • H2n+l (0) = 0. (2,6.7) 
So using (2.6.7) in (2.6.6), they obtained 
H2ni0,y) = {y + in-ir2'-{fi^ \ 2^ 6 8) 
//2n+i(0,y) = 0 J 
For x=y=0, (2.6.3) becomes 
H„{0,0) = Hn{0) (2.6.9) 
wliich in the Ught of (2.6.7), gives 
i^2n+i(0,0) = (-1)"22" Q^ = H2n{Q) (2.6.10) 
i/2n+l(0,0)=0 = i/2n+l(0) (2.6.11) 
Now 
—Hn{x,y) = 2^ —Y, (2.6.12 
ox ^Q r\{n — 2r)\ 
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where 
HM = ^HM. 
If one denotes 
then 
and 
^ / / n ( . T , 2 / ) 
a;=0 
Inj ^i/„(0,2/) 
ox 
d_ 
dx 
d 
H2n{0,y) = 0 = H',,{0). 
|;//2n+i(O,y) = ( - i r 2 2 " ( 0 ^ ( l + y r 
(2.6.13) 
(2.6.14) 
(2.6.15) 
2.7 T h e Rodr igues Formula 
Examination of the defining relation 
^2xt.-(y+l)t^ _ = z Hn{x,yr 
n=0 7?,! 
in the light of Maclaurin's theorem gives one at. once 
Hn{x,y) = ,2xt-{y+l)t^ 
t.=0 
X~ 
The function e v+i is independent of t, so one can write 
e y+iHn{x,y) = ^r{^7?TT)-(v^ ' )} ' 
d<" 
t=o 
(2.7.1) 
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Now put -Arr - ^/ynt = u. Then 
'^ =7rFT 
or, 
e ^ i / „ ( . r , t / ) = (-!)"(?/+ l ) t 
= (-ir(^^+ir^e-* 
2 2 J-/ 
dx (2.7.2) 
a formula of the same nature as Rodrigues's formula for Hermite polynomial of one 
variable Hn{x). 
2.8 Relationship With Legendre Polynomial 
Curzon [12], obtained many relations connecting the Hermite polynomials Hn{x) 
and the Legendre polynomials F„(.r) with n usually not restricted to be integral. One 
of the simplest of his relations, one in which n is to be an integer, is 
0 
Since by (2.2.1), 
00 
P„,{x) = ^ fe-''eHn{xt)dt (2.8.1) 
;fz^  r\{n-2r)\ 
One has 
CXI 
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_ 2 7^..^^Mnl{^yH..,A^.t) 
n\V^.r ^^ r\{n-2r)\ '^^' 
= E ~-Pn-2r{x) using (2.8.1) 
r=0 ^• 
Thus one arrives at 
-— j e-''Hn{xt,l^)dt = Pr.{x,y) (2.8.2) 
where Pn{x,y) is the Legendre's polynomials of two variables defined and studied by 
M.A. Khan and G.S. Abukhammash [20]. These polynomials Pn{x,y) are defined an 
Pnix,y) = J:^-^^Pn~2r{x) (2 .8 .3) 
r=0 ' • 
2.9 Expansion Of Polynomials 
Since 
^2.t.-
it follows that 
g2xf, ^ 
(?/+l)t^ _ 
= g(l^+l)t= 
E 
n=0 
C50 
E 
n=0 
^ n 
i^. 
.(.^, 
n 
?7. 
J/)r 
I 
! 
or, 
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^ ^n(.r,2/)(^+l)^r+2fe 
_ ^ ^ i f „ - 2 f c ( . T , | / ) ( y + l ) 4 " 
.t-ot^o {n-1k)\k\ • 
Equating coefficients of ^", one gets 
" i ' o 2"(n - 2A:)!A:! ' ^^'^'^ 
Let one employ (2.9.1) to expand the Legendre polynomial in a series of Hermite 
polynomials. Consider the series 
oo [t] (-1)'= (l\ (2.'r)"-2'=P 
E n^(.xr = EE I r W — 
n=0 n=Ofc=0 '" '^"' '^ '* '^'' 
From (2.9.1) one has 
(2.r)"^llliJn_2.(.T,y)(^j + l)- . . 
77,! t^^ o 5! (n-2s)! ^ '^ '"^ 
Hence one may write 
= E 
, „ /nis!??.! 
T),fc,S=0 
^ - f (-l)^-^(^)„^,^,^n(.T,y)(y + l)-r^^^ 
io.tS (A:-.)!.!n! 
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,hoh s\{k-s)\k\n\ 
^ - i-l)' (i)„^^ Hnjx,yr^^'^- k A:!(-i)-^ (1 + n + k)^ {y + lY 
n!A:! ^t^ s!(A; - s)\ 
Equating the coefficients of ^", one gets 
One now employs (2.9.1) to expand the Legendre polynomial of two variables in 
a series of Her mite polynomials of two variables. Consider the series 
E ^n(.r,Z/)<" = E E H^^n-2r(.T)^" hy (2.8.3) 
71=0 n=0 r=0 ^ • 
= E ^ ^ n ( . T ) f 
7i,r=0 
f (-y)-^(-ir(l)„.,.M"-"^""" 
n^O '^! .t-O 5!(77,-25)! 
(-y)-(-l)-(l)^^/"-^--^-[t]^„_,,(,,,)(,^l). 
„,;rr=o !^^ ! h A:!(u-2A:)! 
~ (-y)'-(-i)^(0„^3,^/^-^^'-^^^^^^(2/ + i)^i^n(^.y) 
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i-yn-iy {i)„,^^H„.{x,yr^^^^^^ ^ (l + n + s)^ i-shi-my + 1 
= E ^^n'ri >^ 2Fo 
"n%o.^o r!s!(n-25)! 
= 1:1: ^E^ ^ -'"^^^-^^^ {S)^_,^_^iin-.r-.M.yr 
h\ 
- s , i + n - s ; - ; - ( ? / + 1)1 
n=0 r=0 s=0 r!5!(n - 2r - 2s)! 
1 
X2 Fo ( - 5 , - + n - 2r - s; - ; - ( y + 1)) . 
The final result is 
[!liH(-,)-(-i)-(i)^_^^_^//„,...3.(..y) 
"^•' ' '^^",t^ofro r ! 5 ! ( n - 2 r - 2 s ) ! 
X2F0 ( - S , ^ + n - 2r - s; - ; - ( y + 1)) • (2.9.4) 
For y=0, (2.9.4) reduces to the well-known result 
ill 2^0 ( -S , i + n - 5; - ; - 1 ) (-1)^ ( i ) //„_2.(.T, y) ^ 
s=0 s!(n - 2s)! 
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CHAPTER III 
ON A NEW CLASS OF POLYNOMIAL SET 
SUGGESTED BY HERMITE POLYNOMIALS 
3.1 Introduction 
The present, chapter is a study of a new class of polynomial set suggested by Her-
mite polynomials Hn{x), defined and studied by M.A. Khan and G.S. Abukhammajsh 
[21]. This chapter contains generating functions, recurrence relations, Rodrigues for-
mula, hypergeometric form of newly defined polynomials Kn{x), some special results 
for Kni^) and relationship with Hermite, Legendre and Laguerre polynomials. 
Hermite polynomials Hn[^) are defined by means of the relation 
valid for all finite x and t. 
To study /Cn .^r) one needs to extend the definition of Kampe de Feriet's double 
hypergeometric function. They defined and denoted the extended form of Kampe de 
Feriet's double hypergeometric function as follows: 
A:B\D 
^ E:G\H i{eElp,q):{i9G),u);{{h„),v) ; "^'^ 
A B D 
oo n (%)jk,+/, n (^,),„, n (dj)„, , . 
= S: '^^ "a 7 ^ (3-1.2) 
Fork = / = m = n = p = q = u = v = l , (3.1.2) reduces to the general form 
of Kampe de Feriet's double hypergeometric function (see, for example, Srivastava, 
H.M. and Panda, R. [44] ) which further reduces to Kampe de Feriet's function in the 
special case; 
B = D and G = H 
One also need the following results in this chapter: 
L E M M A 3.1 
For any positive integer m, 
OO OO OO [m] 
Y: E A{k,n) = X: E MKn - rn.k) (3.1.3) 
n=0 fc=0 n=0 fe=0 
and 
OO 00 OO 
EE^('^'"') = EE^(^." + '^^ ) (^ -i-^ ) 
n=0 k.=0 n=0 fc=0 
where [x] denotes the greatest integer in .r. 
For this lemma one is referred to H.M. Srivaatava and H.L. Manocha [45]. The 
special cases of this lemma for m=l , 2 are found in E.D. Hainville [37] also. 
The following identities are immediate consequences of Lemma 1 and its special 
cases for m = 1, 2: 
OO n 00 ITJ 
EEC(A:,n) = EE^(^'^'«-^) (3-1-5) 
71=0 A:=0 n=0 fc=0 
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X:5]D(A:,n) = 5;5;i;(A;,n-mA: + A:) (3.1.6) 
n=0 k.=0 n=0 k=0 
OO [l\ OO [m\ 
X : E ^ ( ^ . " ' ) = E E ^ ( ^ . " ' - ^ ' ^ + 2^) (31-7) 
n=0 fc=0 n=0 k=0 
3.2 Generating Functions Of The Form G (Saj^ t - Sxt^  + t^) 
Consider the generating relation 
OO 
G{3xH - 3.r<2 + t^) = Y: gnixr, (3.2.1) 
n=0 
in which G(u) has a formal power-series expansion where a formal power-series is one 
for which the radius of convergence is not necessarily greater than zero. Thus G(x,t) 
determines the coefficient set {gn{^')} f'ven if the series is divergent for ^ 7^  0. 
Let 
F = ^(a.T^^ - 3.r^ 2 + t^) (3.2.2) 
Then 
f = 3{2xt - t^)G' ] 
(3.2.3) 
^ = 3{x^-2xt + t?)G' J 
in which the argument of G' is omitted because it remains {3x^t—3xt'^+t^) throughout. 
From (3.2.3) one can find that the F of (3.2.2) satisfies the partial differential equation 
ix' - 2xt + t ' ) ^ - {2xt -t')^ = 0 (3.2.4) 
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Since 
n=0 
it follows from (3.2.4) that 
oo 
n=0 n,=0 n=0 
oo 
- E 2nxgn{x)e + E ngn(x)r^' = 0 
n = 0 Ti=0 
or, 
E -- '^^ U.-^)^" - E 2nxgn{x)e = E 2.T5;_I(.T)^" 
n=0 n=0 n=l 
oo 
- Zin - l)9n-,{xr - E 9n-2{^r (3.2.5) 
n=l n=2 
Equating the coefficients of t" in (3.2.5), they obtained the following result: 
T H E O R E M 3.1 
From 
G{Sxh-3xt' + t') = Y.gn{xr. 
n=0 
it follows that 
5o(.i-) = 0, a:Vi(-^)-2.T^i(.T) = 0 0,77,0! for n>2, 
x'gUx) - 2nxgn{x) = 2xg'„,_,{x) - (n - l)gn-i{x) - g',_^{x) (3.2.6) 
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The differential recurrence relation (3.2.6) is common to all sets 9„,(.T) possessing 
a generating function of the form used in (3.2.1). In this chapter they considered the 
polynomials (;„(.-r) for the choice G(u) =e". 
3.3 A New Class Of Polynomial Set 
M.A. Khan and G.S, Abukhammash defined a new class of polynomials Kn{:i') 
suggested by Hermite polynomials Hn{x) by means of the relation 
g(3.x2/-3.rt2+t3) _ y^ Kn{x)r (3.3.1) 
T7.=0 " ' • 
valid for all finite x and t. 
The L.H.S. of (3.3.1) can be expanded as 
—=(s^)(S^)(l9 
f"! \n-2r] 
oo l2j I 3 J / i\rqn-r-3s™2n.-3r—6s^n 
hh h H5!(,7,-2r-35)! 
it follows from (3.3.1) that 
Examination of equation (3.3.2) shows that Kn{x) is a polynomial of degree 
precisely 2n in x and that 
/C„(.7;) = 3V"+7r2„_3(.T) (3.3.3) 
in which 7r2„,_3(.T) is a polynomial of degree (2n-3) in x. 
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3.4 Recurrence Relations 
Since the generating function (3.3.1) is of the form G{3xH-3xt'^ + f^), the /C(.?;) 
must satisfy (3.2.6). Hence, they obtained 
x^KUx)-2nxKn{x) 
= 2nxK'^_,{x) - n{n - l)Kn-i{x) - n{n - l)K_2{^) (3.4.1) 
Differentiating the relation (3.3.1) partially with respect to x, they obtained 
K{x)t-{6xt - 3^2)g3.2/-3xt2+f3 ^ ^ 
n=0 "'• 
or, 
3 ( 2 - - ^ ) E ^ = £ ^ 
n=0 "''• nTo "'' 
or. 
^ QxKn{x)f^^^ ^ 3 i r n ( . 7 : ) r + 2 ^ ^ K{x)e 
77=0 "•• n = 0 " ' • n = 0 " ' • 
which with a shift of index on the left, yields 
K{x) = %nxKn-i{x) - Mn - l)Kn-2{^) for n > 0. (3.4.2) 
Combination of (3.4.1) and (3.4.2) yields 
2nxKn{x) = n(6.T^ + n - \)Kn-i{x) - 3n(n - l)x?Kn-2{^) 
- 2nxK_,{x) + n{n - l)K_2(.r). (3.4.3) 
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They used (3.4.2) and (3.4.3) as a pair of independent differential recurrence 
relations. From this pair of equations they obtained the pure recurrence relation 
2nxKn{x) = n{6x^ + n - 1)/C„_i(.'r) - 15n(n - l)x'^Kn-2{x) 
+ 12?7,(n - l)(n - 2)Kn-s{^.) - 3n(n - l)(n - 2)(n - 3)Kn-4{x). (3.4.4) 
Here (3.4.3) and (3.4.4) are valid for n = 0, 1, 2,. 
3.5 The Rodrigues Formula 
Examination of the defining relation (3.3.1) for i^„(x) in the light of Maclaurin's 
theorem gives one at once 
Kn{x) = ^ g ( 3 x 2 t - 3 x t 2 + t 3 ) 
U.=Q 
The function e ^ is independent of t, so one can write 
e-^'K,{x) = X-t)3 
t.=o 
Now put X - t = u. Then 
e-^ VC(.r) = (-1)" 
Thus it can be written a.s 
du" 
e- '^/C(.T) = (-l)"D"e-^\ D=4-^ 
dx 
or, 
K„{x) = (- l)"e^ D"e-^ . 
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(3.5.1) 
a formula of the same nature as Rodrigue's formula for Hermite polynomials i/„(.T). 
3.6 Hypergeometric Form Of Kn{x) 
The formula (3.3.2) yields at once 
ffl f ^ i (-n)2H:3^-l)'-^^3"-'-3^T2„-3r-6, 
r=0 s=0 r\s\ 
(3.6.1) 
In view of (3.1.2), one can write (3.6.1) as 
Kn{x) = (d:r^rFl:Z:Z ( _ n , 2 , 3 ) : - ; - ; 1 1 3.T3' 27a:6 (3.6.2) 
3.7 Generating Functions 
To obtain generating functions for Kn{x) other than (3.3.1) they considered the 
sum 
T.=0 
{c)J<r,{x)t:' _ ^ (C)„.f' ! l} ^"^"1 (_;^)r3n-r-3.^J3,2n-3r-6. 
(c)„,+2r(-l) ' '3"+'-3^r2n+r-6«^n+2r 
??.! n\ Ti=0 '"• r=0 s = 0 
oo 1§J 
= EE 
n,r=0 s=0 r\s\{n — 3s)! 
= E 
n,r,s=0 
(c)n+2,+3.(-l) '"3"+^r2n+r^n+2r+3. 
r.'s!??-
00 
^ y (c)2r+3.(-l)^3y^2'-+3» ~ (c+_2r + 3.s)„(3.7;20" 
r,s=0 
oo 
r\s\ n=0 n\ 
r\s\ r,s=0 
oo 
= (1-3.7:^ 0-'= E -3.xt2 
r,s=0 
(c)2r+3a 
r\s\ \{l-3xH)^j \ (1 - 3.r2^ )= 
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They thus arrived at the (divergent) generating function 
2A\-CT^I--,-(1 - 3x't)-''Fi:z:: ( c , 2 , 3 ) : - ; - ; -3xt^ 
- ; - ; ( l -3 . r2 t )2 ' (1 -3x203 
^E {c)nKn{x)t^ 
T?=0 n! 
Next they considered the series 
k,n=0 k.\n\ 
= E Kn{x){t + vr 
n=0 ??,! 
= e 
3.r2f.-3.T<2+^3 ^ KkjX - t) 
fc=0 A:! 
Equating the coefficients of | r , they obtained 
(3.7.1) 
y. Kn+k{x)t:^ ^ e^'"'^'''^''-^'^'^*^Kkix - j;). 
r).=0 77,! 
(3.7.2) 
To (3.7.1) they employed (3.7.2) in the following manner: 
They considered the series 
fc=0 k\ fc,n=0 kM 
n,fc=0 
= e 
fc!n! 
_3..^.+3.rt3-*3 ^ A (c)fc(-j /)*-i<:n(.T)r 
S S k\{n-k)\ 
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»i.=o " • 
Because of (3.7.1) it now follows that 
y 2Fo{-n,C;-,y)Kn{x)t'' ^ ^3.r2t-3.rt2+t' fj ^ 3^ .^^ ^ _ ^^^21-^  
(3.7.3) 
71=0 " • 
X F!:l i l 
( c , 2 , 3 ) : - ; - ; - 3 ( . T - ^t/^^ -^ '^ ' 
- : - ; - ; {I + 3yt{x - t)^^ (1+ 3z/(x - )^2)2J 
3.8 Some Special Results 
They considered the identity 
g3(.r+j/)*t-3(i+j/)(!2+t3 _ ^3xh-3xt.'^+t^ ^3yh-3yf?+t\Q6xyt-t^ (3.8.1) 
Making use of (3.3.1) in (3.8.1), they obtained 
^ Kn{x + y)t- ^ ^ Kn{x)r ^ Krivr ^ {Qxyt)" ^ i-t'Y 
to n\ to "•! h r\ to '^- to ^' 
Kn{x)Kr{y){6xyy{-l)H"+''+'+^'' 
= E 
n , r , . , f c = 0 "'•' ^ f ^•' ^ ' 
g \^ Kn-3k{x)Kr{y){6xyY{-l)H-+^^ 
nt=oto s\r\k\{n-3k)\ 
Kn-s-3k{x)Kriy)(6xyy{-l)H 
= E E E 
" r^'J T^' „.('T.\/V'('o,^ ('«^o,^ «/'_1^*^n+'• 
n:7^o.ro£'o H 5! A:! (n - 5 - 3A:)! 
^ " " - ^ i y /C-,_3fc(.T)^:,(y)(6.7:y)-(-l)^r 
n=Or=0 ,=0 . = 0 H 5! A:! ( n - T - 5 - 3A:)! 
Equating the coefficients of ^", they obtained 
rtS,tS ;^o r\s\k\{n-r-s-3k)\ 
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Next, they considered the identity 
Again with the help of (3.3.1), they obtained 
~ Kr.{Xx)r ^ - Kn{x)t^- ^ {3(A^ - l)xHy - (3(1 - X)xt:'y 
00^  (-l)r3r+.(l - A)'"+"(l + A)'"a;^ ^+"/rn(3:)<"+''+ "^ 
n,r,s=0 
- V M (-1)''3"+"(1 - A)'-^"(l + \YT?^+'Kn-2s{x)t^^'-
'^hoh r\s\{n-2s)\ 
^t-or^oi'o r\s\{n-r-2s)\ 
Comparing the coeflBcients of i", they obtained 
rt^ ,t5 ^!sK"' - r - 2s)! 
Finally, they considered the identity 
^3xH-3xt^+t3 ^ ^3(xh)-3(xh.)^+{xH)^_^3x(x3-l)t\^{l-x^)t^ /^ g 5) 
using (3.3.1) in (3.8.5), they obtained 
_ ^ Kn(l){xHr f. {-3.7:(1 - x')tY ^ {(1 - x^)t^y 
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= E (-l) ' '3'-3:2"+'-(l - X^Y+'{1 + . r3 )* i rn ( l ) r+2r+3 . 
n,r,s=0 n\r\s\ 
^ ~ | 1 ["^'1 {-IY3'{1-X^Y+'{1 + .T3)^iCn_2r-3s(l)3:2"-3'-6^r 
„=Or=o s=o r\s\{n - 2r - 3s)\ 
Equating the coefficients of f^, they obtained 
K ( ) -. V ^T^ (-1)''3'-(1 - •T'^)^^^!! + •r'^)'Xn-2r-3,(l)n!.r^"-'->-'^-
"^ •"^ ^ t o h r\s\{n-2r-Zs)\ 
(3.8.6) 
3.9 Relationship With Legendre And Laguerre Polynomials 
In view of Curzon's integral 
oo 
Pr,{x)=^—-j=le-'\t^Hn{xt)dt 
nw'K .1 
(3.9.1) 
for the Legendre polynomial Pn{x) and the relation (3.9.6) they easily obtained the 
following relationship between Pn{^) and Kn{x): 
9 " 1 °? 
Pn{-) = ^ E ( 1 7 ^ , / e-'"'-"'-'^"*".f'K{^)dt (3^9.2) 
Further, using the following relationship between Hermite and Laguerre polyno-
mials 
^2n(.70 = (-l)"-22"n!Li ^ .^7:2) 
(3.9.3) 
^2„+l(.T) = (-l)"22"+l77lLy^(.T2) 
and the result (3.9.6), they obtained the following relationship between Knix) and 
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i ^ ( ••'-cc. IN -- -^  / / 
''^att 
y\^ 
^ ^ ' 
Laguerre polynomials: 
( _ l ) n 2 2 n + l „ j ^ ( 5 ) ( ^ 2 ) ^ g - x 3 + x ^ + x 2 g ^ / 2r7, + 1 \ ^^^^^ 
r=0 \ ^ / 
(3.9.4) 
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CHAPTER IV 
A STUDY OF BESSEL POLYNOMIALS 
SUGGESTED BY THE POLYNOMIALS L^/{x) 
OF PRABHAKAR AND REKHA 
4.1 Introduction 
The present, chapter is a study of Bessel polynomials suggested by the polyno-
mials L '^^ (.?:) of T.R. Prabhakar and S. Rekha defined and studied by M.A. Khan 
and Khursheed Ahmad [23]. This chapter contains certain integral representation, 
generating functions, Rodrigues formula, recurrence relations, some characterizations 
and orthogonality relation. 
The simple Bessel polynomial 
-n, 1 + ??, ; 
yn(•^ 0 = 2FQ 
and the generalized one 
ynia,b,x) = 2^0 -77., a — 1 + 77. ; .r 
- ; ~6 
(4.1.1) 
(4.1.2) 
were investigated by H.L. Krall and 0 . Frink [26] in 1949. 
Later on, in 1965, S.K. Chatterjea [10] generalized (4.1.2) and obtained certain 
generating functions for his generalized polynomial defined by 
—77, c + kn 
2-fo X (4.1.3) 
where k is a positive integer. 
In 1972, T.R. Prabhakar and S. Rekha [30,31] considered a general claas of poly-
nomials suggested by Laguerre polynomials as defined below: 
" ^^~ n! ^^klViak + P+l) ^'•'•'^ 
Later on, in 1977, the polynomials I/"''^ (a;) were also studied by R. Panda [28]. 
It may be remarked here that in terms of the classical Laguerre polynomials 
Llrix) = L:{x). (4.1.5) 
Motivated by the above mentioned works and those of W.A. Al-Salam [2] and 
L. Carlitz [9], M.A. Khan and K. Ahmad studied a special case of generalized Bessel 
polynomial (4.1.2) suggested by (4.1.3) and (4.1.4). These polynomials turn out to 
be a special case of L^'^{x) also. The present chapter is an outcome of their study. 
4.2 The Polynomial 2/„(2 + (a - l)n + P, 2, x) 
The polynomial yn{2 + {a-l)n + P, 2,x) is a special case of (4.1.2) and is defined 
as 
-n, an + P+1 ; _ -^  
- ; 2 
(4.2.1) yn{2 + (a-l)n + 0,2,x)= ^FQ 
where n=0,l,2, 
The polynomials (4.2.1) are also special case of L"'^(a;). In fact, by comparing 
the definitions (4.1.4) and (4.2.1), one easily gets 
Z/„(2 + (a - l )n- f /? ,2 , .T) 
58 
so that, obviously, 
j/„(2 + (a - l)n + /?,2,.r) = n! ( ^ _ | ) " L ^ - ( " + I ) " . - ^ - I ) (^^) . (4.2.2) 
For a = k & +ve integer and /? = c - 1, (4.2.1) reduces to Chatterjea's general-
ization (4.1.3) of Bessel polynomials. 
For Q = 1, /3 = a - 2 and x replaced by y , (4.2.1) becomes Bessel's polynomial 
(4.1,2). 
For a = 1 and P = a, (4.2.1) becomes the polynomial Y^°''>{x) considered by W. 
A. Al-Salam [2]. 
For a = 1 and /? = 0, (4.2.1) becomes simple Bessel polynomial (4.1.1). Some-
times they will fined it convenient to consider the following polynomial: 
^(a,^)(^) ^ ^uy^ (2 +{a- l)n + P, 2, i ) . (4.2.3) 
For Q = 1 and P = a (4.2.3) reduces to 
en - 'O =-^^"rj") ( i ) . (4.2.4) 
a polynomial studied by J.L. Burchnall [7], W.A. Al-Salam [2] and L. Carlitz [8]. 
Notable contribution on Bessel polynomials are also from L. CarUtz [9] and E.D. 
Rainville [35]. For various notations and definitions one is referred to the book of 
E.D. Rainville [37] and the monumental works of Grosswald [18] and H.M. Srivastava 
and H.L. Manocha [45]. 
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4.3 Integral Representations 
They easily derived the following integral representations for y„(2 + {a - l)n + 
0,2, x): 
t^-\l - ty-hjn (2 + (a - \)n + P,2,xt)dt 
r(A)r(//.) 
r(A + //) iFi 
- n , a n + /? + !, A; _ x 
A + // ; 2 
1 
I t^-\l - f^-hjn (2 + (a - 1)77, + /?, 2, .r(l - f)) dt 
(4.3.1) 
r(A)r(//) 
r(A + /x) jFi 
- n , a?7.+ /? + 1,/i; 
A + //. ; 
e-^'r^^^{l+'-^Xdt 
V{an + /? + 1) y„(2 + ( a - l ) n + /3,2,.T), 
(4.3.2) 
(4.3.3) 
.r-"'"-^-^(l - x)-''''-'<-\jm (2 + (a - l)m + /3,2, -
.T 
X y„ (^ 2 + (a - l)n + 7,2, ^ — ^ ) d.7; 
_ 7rsin7r{avi + an + 0 + 7 ) r (am + an + 0 + j + 1) 
sin7r{am. + 0)simr{an + 'y)r{aTn + 0 + l)r{an + 7) 
X y ,^+„, (2 + (a - l)(r77, + n) + ^ + 7, 2, ^  (4.3.4) 
A two dimensional version of (4.3.4) given by them is as follows: 
1I. + V<1 
^ _ a m - / 3 - l ^ ^ - a n - 7 - l ( i _ ^ _ ,^-)-ap-«-l 
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X Vm (2 + (a - l)m + p, 2, - ) y^ (2 + (a - 1)?7, + 7,2, - ) 
X ijj, ^2 + (a - l)p + 6,2, —-——•] dudv 
_ TT'^sin'n:{P + 7 + 6)r{am. + an + ap + (3 + ^ + 6 + I) 
simr l3 sixiTT'-f simrSr {am. + p + l)r(a7?. + 7 + l ) r ( ap + 5 + 1) 
X y,n+n+p (2 + (a - l)(m + n + p) + /? + 7 + «5,2, /) (4.3.5) 
where the integration is over the interior of the triangle bounded by u and v axes and 
tlie line u + v = 1. The extension of (4.3.5) to higher dimensions is immediate. 
4 . 4 G e n e r a t i n g F u n c t i o n s 
They ^.asily derived the following generating functions: 
X :2 /„ (2 -n + / ? ,2 , . r ) - = e ' ( l - - ' 
r Y,yni2 + P,2,x)- = {l-2xt)-'^ 
n=0 
CX3 
0 T^ 
2 2t_ 
.1 + V'1-2.T< 
gl+v/'l-2.Tt 
f , / . .7;A-"-^-^ 5;: '(/„,(2 + a + 0-n,2,x)- = e'' (^ 1 - y 
n=0 
0 0 1 
E^"2/n(2-n+/? ,2 , . ' r )^—-2i^o 
71=0 
00 
1 - ^ 
/ ? + l , l ; 3;i 
1 
E "^2/".(2 + a + P-n,2,x)^-^—^ ,Fo 
n=0 
; 2 ( 1 - O J ' 
a + /? + 1,1 ; .r/ 
- ; 2 ( i - ^ ) 
(4.4.1) 
(4.4.2) 
(4.4.3) 
(4.4.4) 
, (4.4.5) 
An integral representation for (4.1.2) due to R. P. Agarwal [1] is 
n{a,b,x) = - — i /^-2+". (1 + "^Ye-'dt 
r(a + n-l)J \ bj 
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If they replace a by 2 + (a - 1)??. + /? and put b = 2 in the above integral 
representation, they obtained 
,„(2 + (. - l)n + ^ ,2,.X) = r(.„ + g^l) /''"*' (l + Y ) ^'^^^ e-'dt (4.4.6) 
In formula (4.4.6) put an + P = A:, where n and k are integers. Hence if they 
multiply through (—A)*" and then sum, they obtained 
°° 1 / T N 
i:(-A)^„(2 - „ + ;=,2,X) = — v „ (2 - „, 2 — ) . 
Similarly, they obtained 
(-A)'= 
X: ^-jryni2 -n + k, 2, x) = J e-' ( l + | ) Jo{2^t)dt. "-jr-y-^'^  n  A;, 2, x)  j e-[l+ '"'^ ^ " 
fc=o •• 0 
In the same fashion they derived the following formulae: 
o o j.k-
^ - y „ ( 2 + ( a - l ) n + ^-A:,2,.'r) 
r(m7, + /?+!) 
1 
X:-T2/n(2 + ^ - 2 n , 2 , . r ) = ( l + i^ ) e^l^ 
n,=0 "'• ^ ^ / 
oo ^71, 
E;; j j /„(2 + ^,2,.T) = ( l -2 .xO-5 
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du 
n,=0 .1 + ^ 1 - 2 0 ; ^ 
2e 
ei+v'1-2^' 
(4.4.7) 
(4.4.S) 
Y,{-l)''X'"'yn{2-n + 2k,2,x)= e-*[l + ~) cosXtdt. (4.4.9) 
^(-l) '=A2'=+iy„(3-n + 2A:,2,.T)= / e - M l + ^ sinAiSd .^ (4.4.10) 
(4.4.11) 
(4.4.12) 
(4.4.13) 
4.5 Rodrigues Formula 
H.L. Krall and 0. Frink [26] gave the following Rodrigue's type formula for Bessel 
polynomials yn{a,b,x) : 
2/„(a,6,x) = 6 - V - « e ^ ^ {x'^^'^-'e"^) (4.5.1) 
Replacing a by 2 + (a - l)n + P and putting b = 2 in (4.5.1), the following 
Rodrigue's type nth derivative formula was obtained by them: 
yn{2 + {a-l)n + 0,2,x) = 2 ; ^ ; ; i ; ^ e i D " [x^-^-^^e'i] ,D ^ ^ . (4.5.2) 
4.6 Recurrence Relations 
From (4.2.1) they easily obtained 
yn{3 + {a- l)n + 0,2, x) - y„.(2 + (a - l)n + /5,2, x) 
= y2/n-i(3 + (a - l)(n - 1) + a + ^, 2,.T) (4.6.1) 
This suggests the difference formula 
A ^ 2 / „ ( 2 - f ( a - l ) n + ^,2,.r) 
= Yy„_i(3 + ( a - l ) ( 7 7 , - l ) + a + /3,2,.'r) (4.6.2) 
and 
A^y„(2 + ( a - l ) n + /?,2,.r) 
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= -r^^^ {^)'yn-ki2 + k + ia- l)(n -k) + ka + P, 2,x) (4.6.3) 
where 
A . / ( a ) = / ( a + l ) - / ( a ) and A^+Vl") = A X / H -
In particular (4.6.3) gives 
A t^y„,(2 + ( a - l ) n + / ? , 2 , . T ) = n ! ( | ) " ' . (4.6.4) 
Now Newton's Formula 
and (4.6.3) imply 
yn{2 + {a-l)n + P + ii,2,x) 
= E ( I': ) (^TZTv {'^Jyn-r{2 + r + {a-l){n-r) + ar + P,2,x). (4.6.5) 
Also from (4.2.1) they obtained 
—y„(2 + ( a - l ) n + /3,2,.'r) 
= ^n{an + p+ l)yn-i(3 + (a - l)(n - 1) + a + /?,2,re). (4.6.6) 
From (4.6.2) and (4.6.6) they obtained the polynomial given in (4.2.1) satisfy the 
mixed equation 
Afiyni2 + ia-l)n + p,2,x) 
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•'' "^ yni2 + {a-l)n + P,2,x). (4.6.7) 
an + j3 +ldx 
The following recurrence relation can easily be verified: 
y„+i(3 + {a- l)(n + 1) + p - a,2,x) - y„(2 + (a - l)n + /?,2,.T) 
= ^x{an + n + p + 2)y„,(3 + (a - l)n + /?). (4.6.8) 
4.7 Some Characterizations 
In this section they obtained some characterizations of the polynomial (4.2.1) 
similar to those obtained by W.A. Al-Salam [2] for Bessel polynomial and are as 
given below: 
Theorem 4.1 
Given a sequence {/n(2 + (a — l)n + /?, 2,.r)} of polynomials in x where deg. 
/„(2 + {a - l)n + 0,2,x) = ??,, and a and /? are parameters such that 
^f„(2 + {a-l)n + P,2,x) 
= ^n{an + /? + l)/n_i(3 + (a - 1)(77, - l) + a + /?, 2, .r), (4.7.1) 
and 
/„(2 + (a-l)77. + /?,2,0) = l. 
Then 
/„(2 + ( a - l ) n + /?,2,.r) = 2/„,(2 + ( a - l ) n + /?,2,a:) 
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Another characterization is suggested by (4.6.2) as given in the following theorem: 
Theorem 4.2 
Given a sequence of functions {/„(2 + (a — 1)??- + /3,2, x)} such that 
AM2 + {a-l)n + 0,2,x) 
= \nxfn-i(3 + (a - 1)(?7, - 1) + a + /?, 2, x), (4.7.2) 
where 
/„(2 + (Q - l)n + P, 2,0) = 1, /o(2 + /?, 2, x) = 1. (4.7.3) 
Then 
fn{2 + {a - l)n + P,2,x) = '(/„(2 + (a - l)n + 0,2,x) 
Next, equation (4.6.7) gives the following theorem: 
Theorem 4.3 
If the sequence {/„,(2 + {a - l)n + /?, 2, .r)}, where /„(2 + {a- l)n + 0,2, x) is a 
polynomial of degree n in x and a, 0 are parameters, satisfies 
AM2 + ia-l)n + 0,2,x) 
x d 
an + 0 + ldx /n(2 + ( a - l ) n + A2,.T). (4.7.4) 
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such that 
/„(2 + ( a - l ) n , 2 , . r ) = 2^0 —n, an + l ; x 
- ; ~ 2 
(4.7.5) 
Then 
/„(2 + {a- I)n + I3,2,x) = y„,(2 4- (a - l)n + /?,2,a:). 
Similarly (4.6.8) suggests yet another characterization of y„(2 + (a — l)n + 0,2, x) 
given in the form of the following theorem: 
Theorem 4.4: 
Given a sequence of functions {/n(2 + (a — l)n + f3,2, x) sue that 
/„+i(3 + ( a - l ) ( n + l ) + ^ - a , 2 , . r ) - / „ , ( 2 + ( a - l ) n + /?,2,.T) 
and 
Then 
= ^x{an + n + p + 2)/„(3 + {a - l)n + /?, 2, a;), 
/„(2 + /?, 2, .T) = 1 far all x and a, /?. 
(4.7.6) 
/„,(2 + (a - l)n + ;0,2, .T) = t/„(2 + (a - l)n + /?, 2, .r) 
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4.8 Orthogonality 
{yn{2+{a—l)n+P, 2, x)} is quaai-definite orthogonal polynomial set and adopting 
the procedure of H.L. Krall and 0. Frink [26] the following orthogonality relation 
holds: 
— 1^ p{a, 0, z)y^(2 + (a - l)n + /3,2, z)i/„(2 + (a - l)n +13,2, z)dz 
Sn^n (4.8.1) 
27rz ./c 
2(- l )"+in!r{(a- l )n + /3+l} 
~ {(Q + l)n + P+ l}V{an + ^ + 1) 
where 
r fl < .fi r ( ( a - l ) n . + /?+!} / 2^,* ,^  ^ „, 
and the integration is around the unit circle. 
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CHAPTER V 
ON A NEW CLASS OF POLYNOMIAL SET 
SUGGESTED BY LEGENDRE POLYNOMIALS 
5,1 Introduction 
The present, chapter is a study of a new claas of polynomials Rn{x) suggested by 
Legendre polynomials P„(.T) defined and studied by M.A. Khan and G.S. Abukham-
mash [22]. This chapter contains recurrence relations, generating functions, gener-
alized Kampe de Feriet double hypergeometric forms, fractional integrals and their 
Laplace transforms of the newly defined polynomials Rni^)-
The Legendre polynomials Pn{^') and Hermite polynomials Hn{x) are respectively 
defined by 
oo 
(1 - 2xt + t2)-5 = ^ P„,(.T)r (5.1.1) 
n=0 
and 
CX3 
7^=0 "'• 
A careful inspection of the L.H.S. of (5.1.1) and (5.1.2) reveals the fact that 
L.H.S. of (5.1.1) is (1 - u)-5 and that of (5.1.2) is e" where u = 2xt - f and this 
2xt -f.^ iaa. part of {x - t)'^ = x^ - 2xt +1/^  by deleting .r^  and putting the remainder 
-2xt + f = -u so that u = 2xt - f?. 
In an attempt to extend this idea they considered the following expansion : 
(.T - t)^ = x^ - 2>xh + Zxt? - t^ (5.1.3) 
Then by deleting x^ term of R.H.S. of (5.1.3) and putting the remainder —3x^t + 
3.T/.^  — t^ = —u they then considered the two sets of polynomials generated by e" and 
(1 — •u)~3. In chapter III they studied a new class of polynomials Kn{x) suggested 
by Hermite polynomials Hni^.) defined by means of a generating function of the form 
G{:ixH - 3.T^ 2 + 3^) foj. ^he choice G{u) = e". 
M.A. Khan and G.S. Abukhammash studied another new class of polynomials 
/?„(.r) suggested by Legendre polynomials Pn{x) and defined for the choice G{u) = 
(1 — u)~3. The present chapter is an outcome of their study. 
To study Rn{x) one needs the extended form of Kampe de Feriet's double hyper-
geometric function. A generalization of the Kampe de Feriet function was given by 
srivaatava and Daoust [42] who defined an extension of the Wright's pipq function in 
two variables. More generally the extension of the Wright's pVg function in several 
variables, which is referred to in the literature as the generaUzed Lauricella function 
of several variables, is also due to Srivastava and Daoust [43]. One needs here the 
following special case of their extension of Kampe de Feriet's function : 
{{O.A), kA, U) •• ((&B), mjs); {{do), no) ; rpA:B;D 
. ((e£;),P£;,g£;) : ( ( P G ) , W G ) ;((/?.//),f'//) ; "' •^ ,2 / 
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A B D 
oo n (lj)fc.,+;., n {bj)m,r U {dj) 
= E '-i - ^ -^ —TT (5.1.4) 
'"'^ =° n i^j)p,r^,,s n (Pi),,., n {h^) '•'• 
For 
k^ = k2 = /TS = .... = A;^  = 1, /i = /2 = /s = .... = /^ = 1, 
mi = W.2 = ma = .... = m^ = 1, ni = 71-2 = na = .... = n ^ = 1, 
^'i = P2 = P3 = •••• =PE = '^, 9I = 92 = 93 = •••• = ?£; = 1, 
t i l = U2 = 'U3 = . . . . = UG = I, Vl =V2 = V3 = . . . . =VH = 1, 
(1.1.4) reduces to the general form of Kampe de Feriet's double hypergeometric func-
tion (see, for example Srivastava and Panda [44]) which further reduces to Kampe de 
Feriet's fvmction in the special case : 
B = D and G == H 
In this chapter one needs the following results : 
For the special choice a = —n where n is a positive integer, (5.1.5) becomes 
One also needs the following lemma : 
L E M M A 5.1 
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For any positive integer m, 
OO CX> OO [mi 
n=0 fe=0 n=0 fc=0 
and 
OO I m J OO OO 
E E (^^ '^ . "0 = E E ^(^'" + '^^ ) (5-1-s) 
n=0 fc=0 n=0 A;=0 
where [.r] denotes the greatest integer in x. 
For this lemma one is referred to the book of H.M. Srivastava and H.L. Manocha 
[45]. The special cases for m=l,2 were available earlier in the book of E.D. Rainville 
[37]. 
The following identities are immediate consequences of above lemma and its spe-
cial caaes for m=l,2 : 
OO n 00 I tJ 
n=0 k=0 n=0 A;=0 
f-2-1 
OO 71. 0 0 [mi 
E E ^C'^ '"•) = E E ^(^'"• - " '^^ +'^ ) ' (5.1.10) 
n=0 fc=0 n=0 fc=0 
OO [ t ] OO [ r ] 
n=0 fc=0 n=0 fc=0 
Finally, they recorded the following finite form of the double summation identity 
(5.1.8) : 
A' [m] N [^^] 
EE^(^'^."-) = E E B{k,n + vi.k) (5.1.12) 
T).=Ofc=0 n=0 fc=0 
For (5.1,9), (5.1.10), (5.1.11) and (5.1.12) one is again referred to H.M. Srivastava 
and H.L. Manocha [45]. 
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In this chapter one also needs the following theorem of our chapter III : 
THEOREM 5.1 
From 
oo 
n=0 
it follows that ^O(.T) = 0, g'lix) = | gi{x) and for n>2 
x^g:,{x) - 2nxgn{x) = 2xg'^_,{x) - (n - l)gn-i{x) - p U ( ^ ) (5-1-13) 
5.2 A New Class Of Polynomial Set 
They defined a new class of polynomials Rnix) suggested by Legendre polynomials 
Pn{^') by means the generating relation 
oo 
(1 - 3xH + 3x^2 _ ^3)-! = Y. R^{x)e (5.2.1) 
in which (1 — 3x^t + 3xt'^ — ^3)-3 denotes a particular branch which —> 1 as ^ —> 0. 
They have first shown that Rn{x) is a polynomial of degree precisely 2n in .r. 
Since (1 — 2)"" = 1^0(0;; —; —z), one can write (5.2.1) as 
n=0 n=0 "•• 
00 [f] [ T ^ ] (l) 2"-^r-sfiY^2n-6r-33fn 
77=0 7 = 0 «=0 r\s\{n - 3r - 2s)\ 
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[using (5.1.3) and (5.1.6)] 
Now equating the coefficients of t^, one gets 
[t] [ ^ ] (\) 3n -3 r - . ( _ i ) s^2n -6 r -3 s 
From (5.2.2) it follows that Rn{x) is a polynomial of degree precisely 2n in x and that 
377. AN .j,2n 
fin(.T) = ^ ' 7 ' + 7r2„._3 (5.2.3) 
in which 7r2„,_3 is a polynomial of degree (2n-3) in x. 
Now by putting x = 1 in (5.2.1), they obtained 
00 
n=0 
from which 
Rnil) = 1 (5.2.4) 
Again from (5.2.1) with x = 0, one gets 
ut 
n=0 
n=0 "'• 
Hence 
(3) 
^3n(0) = ^ , i?3n+l(0) = 0, i?3„+2(0) = 0. (5.2.5) n! 
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5.3 Differential Recurrence Relations 
From (5.1.13) one can find that the generating relation (5.2.1) implies the differ-
ential recurrence relation 
x^Kix) - 2nxR,{x) = 2xK,_,{x) - {n - l)Rn-i{x) - K.^ix) (5.3.1) 
From (5.2.1) it follows by usual method (differentiation) that 
00 
{2xt - f,2)(l - 3xH + Sxt!" - t=*)-5 = Y. ^nO''')^" (5-3.2) 
n=0 
00 
(,^ 2 _ 2,,t, + ^2)(i _ 3,,2^ ^ 3,,^ 2 _ ^3)-| ^ ^ nRr,.{x)e-' (5.3.3) 
Multiplying (5.2.1) by (1 - 3xH + S.r^ ^ _ ^3)-i^ (532) by -x and (5.3.3) by -t and 
adding, one gets 
(1 - 3.^ 2^  + 3.T^ 2 _ fSyi = (1 _ 3.^ 2^  + 3,,^ 2 _ ^3)-l g ^(^)^n 
n=0 
n=0 n=l 
or 
£ nR„{x)e - (3.1:2^  - 3.T^ 2 ^  3^) j ^ ( ^ ^  l)/?„(.T)r 
n = l n=s=0 
00 
= -.r(l - 3xh + 3xf^ - t^) £ R',ix)e 
n=0 
Equating the coefficients of t^, one gets 
nRnix) - 3n.T2i?„._i(.r) + 3(n - l).ri?„_2(.r) - (n - 2)Rn-z{x) 
75 
= -xR'^ix) + 3x'R'^_,ix) - 3x'K_,{x) + xE!^_,{x) (5.3.4) 
5.4 Addi t ional Genera t ing PYinctions 
The generating function (1 — Zx^t + 3xt^ — t^)~3, used to define the polynomials 
Rn{x), can be expanded in powers of t in new ways, thus yielding additional results. 
From instance, 
(1 - 3xH + Zx^ -t^)-h = [{x - 0 ' + 1 - A~'^ 
= (.r - i) - 1 1 - x^-l {x-tf 
Therefore, the L.H.S. of (5.2.1) can be expressed as 
{x-t)-\F^ i- x-^ - 1 3' _1 1 
- ; [x-t)^ 
Again, 
(1 - Zxh + 3.Tii2 _ ^3) - i ^ [(1 _ ,,2^)3 _ 3^(_^3 _ 1)^2 _ (1 _ ^6)^3 | - i 
Therefore, 
n=0 
3T(.-r3 _ 1)^2 
(1 - .7:2^)3 
[i-xh)-^ F]:-j-_ 
(1 - x)H^' 
(1 - .7;2^)3 
• 1 . . . 
3 • ' ' 
• ) ) 
1 
3 
3x{x^-l)f {l-x)^t^' 
[l-xHf ' ( 1 - . T 2 ^ ) 3 
(5.4.1) 
Now, 
2.X-1 p l : - ; -(1 - aH)-' F]:., 
1 . 
3 • 
- ; - ; 3.T(.T3 - 1)^2 ( i _ 3 )^6^3 
( 1 - . T 2 ^ ) 3 ' ( 1 - 3 : 2 ^ ) 3 
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=. \ 
(V) (-3:/r(l-X^)'-+^(l+.7:'')'7-^'-+"^ 
•!,s!(l -xH)^^+^' 
- [ ^ i"^] ( i ) ^ ^ ^ (?• + 5 ) ! ( - 3 ) ^ ( l - X^) '-+^(l + :,-3)r^.2n-6r-3.^,: 
„=0r=0 s=0 r!5!(3r + 35)!(7?.-3r-2.s)! 
]i('nc(\ they obtained a new form of i?,,(.T) as 
;i] [ ^ 
7=0 S=0 
Again, from (5.2.1). one has 
;] (1)^ ^ (r + s)!(-3)^(l - .r^f+^(1 + .r^)^T 2n—6r—3s 
r!s!(3r + 35)!(?? - 3 7 - - 2 s ) ! 
f^R„{.r)f" ^{l-t')-'^ 1 - 3.r2^ 3.7:^ 2 
(1-^^V- E r+n 
1 - ^ 3 • i_f}i 
3xH V f-Sxt'V 
i . i ) = 0 r!77! 
V [ 3 J , 3 
7iT:.0r=0 s=0 
3 / n—r—'l: 
1 - ^3 / I 1 _ /3 
on—I—2s„2n—3r—6s(' i "IJ"/-" 
7-!s!(n - 2r - 3s)! 
hence the}- obtained yet another form for Rn{^) as 
1\ on—7--2S.J,2TI.—3)—Gs/ l U [ l ] [ ^ 
^.(.'•) = E E 
r=0 s=0 
3/n-r—2s 
r!s!(?7. - 2r - 3s)! 
(5.4.2) 
(5.4.3) 
5.5 Generalized Kampe De Feriet's Double Hypergeomet-
1 ic Forms 
One ret-1111 To the original definition (5.2.1) of i?„(:7') and note that 
;i - Ar'f ~ 3xt' - fY'^ = [(1 - ff - 3-:(x- - 1) + 3t\x - l)]-5 
- ( J -t] 3t.{x' - 1) StHr. - 1) ( i - t )3 7 (1-03 
77 
'C6 
' It, 
-•'• t v 
which, in view of (5.1.5), permits vis to write 
00 ( i ) ( - l ) ' - 3 ' ' +* ( .T2- lV( . r -m2r+ . 
n=0 r,s=0 /.0.^,1 (.; 
^ f (i).,.(-ir3-^^(-^-ir^(-^+ir^^'-"^ f (1 + 3r + 3.)„r 
r,s=0 r\s\ n=0 n! 
- ^ "g'- (-n)2.+.(l + 77,).+2.(l - .x)'-+^(l + .r)''^" 
n=Or=0 s=0 H.!32(.+.) (I) (1) r+s 
Therefore, 
which in view of (5.1.4) can be written as 
R.{T) = FtZ 
From (5.2.2), one has 
• (-77,, 2,1), (1 + 77., 1 , 2 ) : - ; - ; l - r r \ - y ? 
_ ( l , l , l ) , ( | , l , l ) : - ; - ; 9 ' 9 
[?] [ ^ ] (1) ( i + „,) 3n-3r-.(_i).,,2n-6r 
n / N _ Y^ Y^ V3/n yj I -ITS ^ ' 
^ A - ^ J - Z . Z . r!s!77.!(l+n)_3r-2. 
-3s 
r=0 s=0 
"' „ o ..0 r ! s ! ( i - n ) 33rt..x6r+3> 
v. "J / 2r+S 
or 
(5) (3.^')" 1. . 
-K;:;L 
77,! 
( - n , 3 , 2 ) : - ; - ; 1 1 
( 2 _ „ , , 2 , l ) : - ; - ; 27 :^6'3.7:3 
From (5.4.2) one has 
[i] [ ^ ] ( i ) (1 + 77,),(-3)^(l - .'r3)'-+*(l + T?Yx 2n-6r-3s 
r=0 s=0 r!s!(l)3(r+s)(l + 77,)_3r-25 
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[f] [^] ( - n ) 3 r + 2 , ( l + n ) . ( .T3 - l ) -+^ ( .x3 + i y 
^0 ^0 r!s!33'-+2* (f)^ (1),+,.T6'-+3^ 
or 
Rn{x) = x^^i^::'! 
From (5.4.3) one has 
( -n , 3,2) : - ; ( ! +77,, 1); x^ - 1 x^ - l] 
_ ( i , i , i ) , ( i , i , i ) : - ; - ; 27 ' 9 
n^(.r) = E E ^ ^ ^ -^^ -'^  
r=0 s=0 r\s\n\{l + n)_2r-3s 
\ J /r+2s 
Therefore, 
(I) (3- '^)" 1 . 
i^L:L 
( - ?7 , ,2 ,3 ) : - ; - ; _1 1_ 
( |-77,,1,2) : - ; - ; 3x3' 27.r6 
(5.5.3) 
(5.5.4) 
5.6 Integral Representation 
Using the definition of beta function it is easy to derive the integral representation 
for i?„(.7;) (see Rainville [37], p. 18) by using the form (5.5.2) of i?„(.T) : 
3" ( i )^ T{P)T{1 + a + 2n)^"+^+2n 
x''{t-xf-^Rr,{x)dx = 
n\r{l + a + p + 2n) 
2:-,-[ ( -n , 2,3), ( - a - / ? - 2 7 7 , , 6 , 3 ) : - ; - ; 
"" '' [ ( | - " ' . 2 , l ) , ( - a - 2 n , 6 , 3 ) : - ; - ; 27^6' 3^ 3 
1 __1 
3^ 
(5.6.1) 
By using (5.5.4) it can alternatively be written as 
3" ( i )^ r ( l + a + 2n)r(/?)t«+'^+2n 
.T"(f - .T)^-^i?„(.T)dT = 
Q ^ ' nir{l + a + (3 + 2n) 
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x^T ( - ? 7 , , 2 , 3 ) , ( - a - ^ - 2 n , 3 , 6 ) : ( | - n , l , 2 ) , ( - a - 2 n , 3 , 6 ) : 
1 1 
- ; - ; 3^3' 27^6' 
(5.6.2) 
5.7 Fractional Integrals 
Let L denote the linear space of (equivalent classes of ) complex-valued functions 
f{x) which are Lebesgue-integrable on [0,a], a < oo. For f{x) € L and complex 
number // with Rl //. > 0, the Riemann-Liouville fractional integral of order //. is 
defined as (see Prabhakar [29], p. 72). 
1 ' 
F[f{x)] = r(//).; {l-fY-^f{t)dt for almost all X 6 [0,a]. (5.7.1) 
Using the operator / ' ' on the form (5.5.2) of Rn{x), they obtained 
3"fO r (H-a + 27?-).T" +/3+2n 
i%-:^iu{x)\ = 
n!r(l + a + /? + 2n) 
x i ^ i ; ! 
(-77,, 3,2) , ( - a - / ? - 2 7 7 . , 6 , 3 ) : - ; - ; 
(I-77,, 2, l ) (-a-277,, 6 , 3 ) : - ; - ; 
1 1 
27.?,-6' 3.7;3 
(5.7.2) 
Using the form (5.5.4) of Rnipe^ the above result can alternatively be written as 
3 " ( i ) ^ r ( l + a + 277,).T"+'^ +2r,, 
1%-R^{x)\ = 
nir{l + a + /? + 277.) 
X Fo'l: 2 : - ; -2 : - ; -
(-77,,2,3), ( - a - ^ - 2 7 7 , , 3 , 6 ) : - ; - ; J 1_ 
_ ( | - r 7 , , l , 2 ) ( - a - 2 ? 7 , , 3 , 6 ) ; - ; - ; 3x3' 27.T6 (5.7.3) 
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5.8 Laplace Transform 
In the usual notation the Laplace transform is given by 
^{/(O ••s} = I e-''f{f.)dt, Rl {s - a) > 0 (5.8.1) 
where / e L(0, i?) for every i? > 0 and f{i) = 0 (e"'), t ^ oo. Using (5.8.1) on the 
form (5.5.2) of Rn{x), one gets 
3"fi) r ( l + a + 2?7,).T2" 
x^T ( _ n , 3 , 2 ) ; - ; - ; _ L (t\^ J.(t^' (I - 71, 2, l) (-a-277, 6 ,3 ) : - ; - ; 27 I r J ' 3 V.r 
(5.8.2) 
Using the form (5.5.4) of /?„(.'r) the above result can alternatively be written as 
3 ' ^ ( i ) ^ r ( l + a + 277,).T2 ^2n 
L{eRn{xi) : 5} = j^|5H-a+2n 
xi^^T (-77,,2,3) : - ; - ; \ fs\^ 1 
_ (I-77,, 1,2) (-a-277,, 3 ,6 ) : - ; - ; 3 U / ' 27 I r 
, \ 6 
(5.8.3) 
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